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ABSTRACT. We introduce a regular, Lindel\"of, generahzed metric topol-
ogy on the plane. Though apparently this topology does not include
any copy of the Sorgenfrey hne, we can find such a copy by finding an
extremely flat, strictly increasing, continuous, new function, which is
flatter than the well-known Lebesgue’s singular function. To construct







$z$ , $r$ $B(z;r)$
$y=y_{0}$ $z=(x, y_{0})$
$s$ $z$ $V(z;s)$
tangent disc at $z$ of height $s$
$V(z;s)=\{z\}\cup B(z_{*};s/2)$
where $z_{*}=(x, y0+s/2)$ $y=y0$ open segment
$J=z_{1}^{\wedge}z_{2}=\{(x, y_{0}):x_{1}<x<x_{2}\}$
with endpoints $z_{1}=(x_{1}, yo),$ $z_{2}=(x_{2}, yo)$ $J$ $(0,1]$
$g$ $g$ $J$




where $z_{0}=((x_{1}+x_{2})/2, y_{0})$ $V(g)$
$W(y0, J, g)$ :
$W(y_{0}, I, g)=V(g)\cup B_{-}(J)$
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$\mathbb{R}^{2}$ $-\infty<y0<\infty$ , open segment $J$ , function $g$
$W(y_{0}, J, g)$ base topology $\tau$
topology $\tau$ on $\mathbb{R}^{2}$ topology
$W(y0, J,g)$
$W(y_{0}, J, g)\subseteq B(z_{0};|J|/2)$
$J$
$W(y_{0}, J, g)$ Figure 1









FIG. 1. Typical nbd of $\tau$
$\tau$ $\tau_{d}$
$\tau$
$\tau_{d}$ [6] ( [7])
$\tau$ regular [6]
hyperbolic metric hyperbolic
metric $W(y0, J, g)$ $W^{*}(y0, J, g)=V^{*}(g)\cup B_{-}(J)$
$y_{0},$ $J$ function $g$ $W^{*}(y_{0}, J, g)$
closure-preserving w.r. $t.$ $\tau$
$(\mathbb{R}^{2}, \tau)$ dense subspace $(\mathbb{R}\cross \mathbb{Q}, \tau)$ stratifiable $(M_{3})$
$(\mathbb{Q}=$ rationals) whole
space $(\mathbb{R}^{2}, \tau)$ stratifiable monotonically
normal
2. HEREDITARY LINDEL\"oFNESS
Section $\tau$ hereditarily Lindel\"of ( perfectly
normal) $S$ Sorgenfrey line $\mathbb{R}$
half-open interval $(a, b]$ topology
Fact 1. $S$ is hereditarily Lindelof.
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Proof. (cf. Example 3.8.14 in [3])
collection $\{(a_{\lambda}, b_{\lambda}]$ :
$\lambda\in\Lambda\}$ $G= \bigcup_{\lambda\in\Lambda}(a_{\lambda}, b_{\lambda}]$ $G$ countable
$(a_{\lambda}, b_{\lambda}] $ cover $ (a_{\lambda}, b_{\lambda})$ open interval
$c_{0=} \bigcup_{\lambda\in\Lambda(a_{\lambda},b_{\lambda})}$ Euclidean line $\mathbb{R}$ open set
Euclidean line hereditarily Lindel\"of Go countable
$(a_{\lambda}, b_{\lambda})\subset(a_{\lambda}, b_{\lambda}]$ cover $G\backslash G_{0}$ countable
$\mathbb{R}$ separable, linearly ordered
Go disjoint union of countably many open intervals :
$G_{0}= \bigcup_{n\in\omega}(c_{n}, d_{n})$
$(some, at most one, d_{n}$ might $be \infty.)$ $G\backslash G_{0}$ $b_{\lambda}$
$G_{0}$ $(a_{\lambda}, b_{\lambda})\subseteq(c_{n}, d_{n})$ $n$ $b_{\lambda}<d_{n}$
$b_{\lambda}\in(c_{n}, d_{n})\subseteq G_{0}$ $b_{\lambda}$ $b_{\lambda}=d_{n}$
$G\backslash G_{0}\subseteq\{d_{n}:n\in\omega\}$
Facts 2 and 3 hereditarily Lindel\"of open subset
Lindel\"of Fact 3
Problem 4.5.16(d) in [3]
Fact 2. Hereditar Lindel\"of space continuous image hereditarily Lin-
$del$
Fact 3. Second-countable space hereditarily Lindelof space
hereditarily Lindel\"of
$(\mathbb{R}^{2}, \tau)$ $W(y_{0}, J, g)$
$B_{-}(J)$ topology $\tau$ $\mathbb{R}\cross S$ continuous
image $\mathbb{R}\cross S$ Facts 1 and 3 hereditarily Lindel\"of
Property 1. $(\mathbb{R}^{2}, \tau)$ hereditarily Lindel
3. SORGENFREY LlNE lN $(\mathbb{R}^{2}, \tau)$
Section $(\mathbb{R}^{2}, \tau)$ monotonically normal
Facts
Fact 4. Sorgenfrey line $S$ stmtifiable $(M_{3})$ $S$ con-
vergent sequence $S\cross(\omega+1)$ monotonically normal
stratifiable spaces (countably) productive $S$
stratifiable $S\cross S$ stratifiable paracompact
normal $S\cross S$ normal
$S$ stratifiable
$X\cross(\omega+1)$ is monotonically normal if and only if $X$ is stratifiable$J$
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(see Theorem 5.22 in $[6|)$ $S\cross(\omega+1)$ monotoni-
cally normal Monotonically normal space
subspace monotonically normal Fact 4 $(\mathbb{R}^{2},\tau)$
$S\cross(\omega+1)$ copy $(\mathbb{R}^{2}, \tau)$ monotonically normal
$S$ copy
$C$ Cantor set in [0,1] $C$ half-open interval topology
$\tau H$ $\tau H$ $(a, b]\cap C$ where $a<b\in C$ base
$C$ countable $C_{0}$
$\mathbb{R}\backslash C$ disjoint union of open intervals $\bigcup_{n\in\omega}(c_{n}, d_{n})$
$C_{0}=\{d_{n} :n\in\omega\}$ $(C_{\mathcal{T}H})$ $C0$ isolated
$C\backslash C0$ Sorgenfrey line homeomorphic
:
Point $\sum_{n\geq 1}(2t_{n})3^{-n}$ where $t_{n}=0,1$ point $\sum_{n\geq 1}t_{n}2^{-n}$
$\varphi$ : $Carrow[0,1]$ $\tau_{*}$ half-open interval topology on (0,1] $\varphi$
$(C\backslash C\tau)$ $((0,1], \tau_{*})$ homeo $((0,1], \tau_{*})$
$S$ disjoint sum of countably many copies of $((0,1], \tau_{*})$
$((0,1], \tau_{*})$ $S$ homeo
$\varphi:Carrow[0,1]$ $[0,1]$ continuous non-decreasing
function $\tilde{\varphi}:[0,1]arrow[0,1]$ $Devil$ ’s staircase (
) Figure 2
FIG. 2. Cantor’s Devil-Angel staircase
(Angel’s staircase)
$(\mathbb{R}^{2}, \tau)$ $S$ copy
$(\mathbb{R}^{2}, \tau_{d})$ Jordan curve $l$
Cantor set $C$ $\tau$ $(C, \tau)$
half-open interval topology
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Theorem 1. strictly increasing, continuous function $L$ :
$\mathbb{R}arrow \mathbb{R}$ :
$L$ $l=Graph(L)$ $\tau_{d}$ Cantor set
copy $C$
$(\star)$ $C$ $z$ $\epsilon_{z}>0$
tangent disc $V(z;\epsilon_{z})$ $l$ $z$
$\grave{}$ topology $\tau$ $C$ half-open interval topology
$(\mathbb{R}^{2}, \tau)$ Sorgenfrey line copy
Proof. $C$ $z_{0}\in C\subset l$ $z_{0}$
$\delta>0$ open ball $B(z_{0};\delta)$ $J$
$\tau$
$W(y_{0}, J, g)=( \bigcup_{z\in J}V(z;g(z)))\cup B_{-}(J)$
curve $l$ $l$ half-open interval function $g$
$g$
$z0$ $(\star)$ $V(z;g(zo))\cap l=\{z\circ\}$ $0<g(zo)<\delta$
$J\backslash \{zo\}$ $z$ function $L$ strictly increasing,
continuous
$V(z;g(z))\cap l=\emptyset, V(z;g(z))\subset B(z_{0};\delta)$
$g(z)>0$ $g$ $W(y0, J, g)\cap l$
$z_{0}$
$l$ half-open interval
Theorem 1 function $L$
$\circ$ Devil-Angel’s curve $\tilde{\varphi}$ (
) $z$ tangent disc $V(z;\epsilon_{z})$
$z$ $\epsilon_{z}>0$
strictly increasing
Therem 1 Cantor set $C$ curve $l=Graph(L)$ pair $C\subset l$
$1/n$ $C_{n}\subset l_{n}$
$(C \cup\bigcup_{n\geq 1}C_{n}, \tau)$ $S\cross(\omega+1)$ homeo closed subset




4. $LEBESGUE’ S$ SINGULAR FUNCTION
$\mathbb{R}^{2}$ unit square $I^{2}=$
$[0,1]\cross[0,1]$
Lebesgue Lebesgue
Lebesgue’s singular function $L_{a}(x)$
(unfair coin)
0 $<$ a $<$ l
$1-a$ $a\neq 1/2$ “ $0$”, “1”




$L_{a}(x)=Prob\{t\leq x\}, x\in[O, 1]$
(distribution function of t) ( $L_{a}(x)$
Section ) $a\neq 1/2$ $(a=1/2$
$L_{a}(x)=x$ ) $L_{a}$
strictly increasing, continuous Lebesgue measure
$0$ “Singular”
$0$ $x\in[O, 1]$
$0$ ( ) (North
Texas )
Fact 5. (K.Kawamura[8]) Binary normal point $x\in[0,1]$
$L_{a}’(x)=0$
$x\in[0,1]$ binary normal dyadic expansion
(2 ) $x= \sum_{n\geq 1}x(n)/2^{n}$ digit $0$ digit 1 1/2
$x$ 2
$n$ digit $0$ , digit 1
$\# 0(x;n)=\sum_{1\leq k\leq n}(1-x(k)) , \# 1(x;n)=\sum_{1\leq k\leq n}x(k)$
digit $0$ , digit 1 “density”
$d_{0}(x)= \lim_{narrow\infty}\# 0(x;n)(x)/n, d_{1}(x)=\lim_{narrow\infty}\# 1(x;n)(x)/n$
( $d_{0}(x),$ $d_{1}(x)$ )
$x$ binary normal $d_{0}(x)=d_{1}(x)=1/2$
do $(x)=\alpha$ $x\in[O, 1)$ $N(\alpha)$ $N(1/2)$ binary
normal points
$1/3= \sum_{n\geq 1}4^{-n}=01010101\cdots$ (2 )
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digits x(l)x(2). . . $x(m)01010101\cdots$ $N(1/2)$
$N(1/2)$ dense in [0,1] $N(1/2)$
Lebesgue measure 1 Borel set in [0,1]
Lebesgue measure 1
(unfair ) fair coin $0$”
“1” binary normal
( Remark 1 ) Lebesgue measure
$\mu$ (inner regular) Borel set $B$ measure $\mu(B)$
$B$ compact set $K$ measure $\mu(K)$
$N(1/2)$ Cantor set copy $C$
$L_{a}$ Cantor set $C$ Theorem 1 $(\star)$




modify a $\leq 1/16$ $L_{a}$ Theorem 1









Remark 1. $a$ “unfair” coin
1/2 “fair” coin
$a\neq 1/2$ $0<a<1$ $L_{a}$ $L_{a}$
measure $v_{a}$ on [0,1] $\nu_{a}$
$\nu_{a}((x, y])=L_{a}(y)-L_{a}(x), 0\leq x\leq y\leq 1$
measure $v_{a}([0,1/2])=a,$ $\nu_{a}([1/2,1])=1-a$
$\nu_{1/2}$ Lebesgue measure $a\neq a’$ $\nu_{a}$
$\nu_{a’}$ measure measure $0$
measure 1 va $\nu_{a’}$
“singular” $v_{a}(a\neq 1/2)$ Lebesgue measure
$v_{1/2}$ $N(1/2)$ $v_{a}(N(1/2))=0,$ $v_{1/2}(N(1/2))=1$
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$\frac{L_{a}(y)-L_{a}(x)}{y-x}=\frac{\nu_{a}((x,y))}{\nu_{1/2}((x,y))}, 0\leq x<y\leq 1$
Fact 5 measure $\nu_{a}$ measure $\nu_{1/2}$ $L_{a}$
5. EXTREMELY FLAT, STRICTLY INCREASING, CONTINUOUS FUNCTION
coin coin
$n$ coin $0$” $0<a_{n}<1$
1 $b_{n}=\hat{a}_{n}=1-a_{n}$
$0\leq\alpha\leq 1$ $1-\alpha$ $\hat{\alpha}$ $a_{n}=a$ ( $a$ is constant)
$L_{a}(x)$
$a_{1}=1/2, a_{n}=1/n (n\geq 2)$
case
$a_{1} \geq a_{2}\geq\cdotsarrow 0, \sum_{n\geq 1}a_{n}=\infty$
$0,1$
sequence $(t_{1}, t_{2}, t_{3}, \cdots)$ $t= \sum_{n\geq 1}t_{n}/2^{n}\in[0,1]$




countable product 2 $\{0,1\}_{n}=\{0,1\}$ probability measure
$\pi_{n}(\{0\})=a_{n}, \pi_{n}(\{1\})=b_{n}=\hat{a}_{n}$
product probability measure $\pi_{\infty}=\Pi_{n\geq 1}\pi_{n}$ on $\Omega$
$\Phi:\Omega=\{0,1\}^{\mathbb{N}}arrow[0,1]$
$\Phi((x(n))_{n\in \mathbb{N}})=\sum_{n\geq 1}x(n)2^{-n}=\cdot(2)x(1)x(2) \cdots$
dyadic expansion map Topological $\Phi$
Cantor space $\Omega=\{0,1\}^{\mathbb{N}}$ interval [0,1] continuous, onto map
Section 2 Devil’s staircase
$\varphi$ $k/2^{m}(k=0,1, \cdots, 2^{m};m\geq 1)$ rational “dyadic
rational” $0,1$ $(0,1)$ dyadic rationals
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e.g., $Q_{2}^{(1)}=\{1/2\},$ $Q_{2}^{(2)}=$ {1/4,3/4}, $Q_{2}^{(3)}=\{1/8,3/8,5/8,7/8\},$ $\cdots$
$Q_{2}^{(m)}$ 2 expansion
. $x(1)\cdots x(m-1)Oll1\cdots=.x(1)\cdots x(m-1)1000\cdots$
$\Phi$ 2-1 map $|\Phi^{-1}(t)|=2$ $t$ $Q_{2}$
expansion $***\cdots$
$1=.$ $111\cdots$ expansion 1. $000\cdots$
$\Omega=\{0,1\}^{\mathbb{N}}$ lexicographic order $\preceq$
$\Phi:(\Omega, \preceq)arrow([0,1], \leq)$
order-preserving $\Phi$ 2
$(x(1), \cdots, x(m-1), 0,1,1,1\cdots)\prec(x(1), \cdots x(m-1), 1,0,0,0\cdots)$
1 . $x(1)\cdots x(m-1)0111\cdots=.x(1)\cdots x(m-1)1000\cdots$
( lexicographic order $\preceq$
$\Omega$ Cantor set $[0,1]$ embed
$[0,1]$ inherit )
$\Phi:\Omega\backslash \Phi^{-1}(Q_{2})arrow[0,1]\backslash Q_{2}$
bijection $\Phi$ $(\Omega, \pi_{\infty})$ induce measure on
[0,1] $\nu_{\infty}$
$v_{\infty}(B)=\pi_{\infty}(\Phi^{-1}(B))$
for Borel set $B\subset[0,1]$ $\pi_{\infty}$ countably additive $\nu_{\infty}$
countably additive $L:[0,1]arrow[0,1]$
$L(x)=\nu_{\infty}([0, x])$
$L(x)$ strictly increasing $L(1)=1$









$v_{\infty}$ (singleton) $=0$ $\pi_{\infty}$ (singleton) $=0$
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Finite sequence $\sigma$ : $\{$ 1, 2, $\cdots,$ $n\}arrow\{0,1\}$
clopen set in $\Omega=\{0,1\}^{N}$
$\langle\sigma\rangle=\sigma\cross\Pi_{k>n}\{0,1\}_{k}$
$\pi_{\infty}$-measure $P(\sigma)$ $\pi_{\infty}$
$P( \sigma)=\pi_{\infty}(\langle\sigma\rangle)=\prod_{1\leq k\leq n}a_{k}^{\hat{\sigma}(k)}b_{k}^{\sigma(k)}=\prod_{1\leq k\leq n}(a_{k}+(b_{k}-a_{k})\sigma(k))$
$= \prod_{\sigma(k)=0,k\leq n}a_{k} \prod_{\sigma(k)=1,k\leq n}b_{k} >0$
$($ $\hat{\sigma}(k)=\overline{\sigma(k})$ ) $P(\emptyset)=1,$
$P(\sigma^{-}0)=P(\sigma)a_{n},$ $P(\sigma^{-}1))=P(\sigma)b_{n}$ for $|\sigma|=n-1$
$P()$ $x=(x(n))_{n\geq 1}\in\Omega$
singleton $\pi_{\infty}$-measure $\sigma=(x(k))_{k\leq n},$ $|\sigma|=$ Length of $\sigmaarrow 0$
$P(\sigma)$
$\pi_{\infty}(x)=\prod_{x(n)=0}a_{n} \prod_{x(n)=1}b_{n}$
( $\pi_{\infty}(\{x\})$ $\pi_{\infty}(x)$ )
$0$ $L$ continuous
$\alpha_{n}=\min\{a_{n}, b_{n}\}, \beta_{n}=\max\{a_{n}, b_{n}\}$
$0< \alpha_{n}\leq 1/2\leq\beta_{n}=1-\alpha_{n}<1, \pi_{\infty}(x)\leq\prod_{n\geq 1}\beta_{n}$
$\pi_{\infty}(x)=\prod_{n\geq 1}\beta_{n}$ $x$
$0<c_{n}<1$
$\prod_{n\geq 1}c_{n}=0$ $\sum_{n\geq 1}(1-c_{n})=\infty$







Property 4. $(a_{n})_{n\geq 1}$
$0<a_{n}\leq 1/2$ , i.e., $0<a_{n}\leq 1/2\leq b_{n}<1$ for almost all $n$




$\prod_{n\geq 1}b_{n}>0$ $L$ $Q_{2}\cup\{1\}$
discontinuous
Proof. Property 3
$a_{n}$ $x(n)=0$ $n$ $x$
$\pi_{\infty}(\{x\})\leq\prod_{x(n)=0}a_{n}=0$ $\Omega$ $\pi_{\infty}$-measure $>$ 0
$(*, \cdots*, 1,1,1\cdots)$ $[0,1]$
$\nu_{\infty}$-measure $>0$ $*\cdots*111\cdots$
$Q_{2}\cup\{1\}$ $*\cdots*111\cdots$
$\nu_{\infty}-$measure $c \cdot\prod_{n\geq m}b_{n}$ for some $c>0,$ $m\geq 1$
$\prod_{n\geq 1}b_{n}>0$
Lemma 1. (1 ) $L(O)=0$ $\prod_{n\geq 1}a_{n}=0$
$(*, \cdots*, 0,0,0, \cdots)$ singleton in $\Omega$ $\pi_{\infty}$ -measure $=O$
(2) $L_{-}(1)=1(=L(1))$ $\prod_{n\geq 1}b_{n}=0$
$(*, \cdots*, 1,1,1, \cdots)$ singleton in $\Omega$ $\pi_{\infty}$ -measure $=0$
Proof. (1 ) $L(1)=1$ $L(0)=0$
$L( O)=\nu_{\infty}(\{0\})=\pi_{\infty}(\{(0,0, \cdots)\})=\prod_{n\geq 1}a_{n}$
$L(0)=0$ $\prod_{n\geq 1}a_{n}=0$ $\pi_{\infty}\{(*, \cdots*, 0,0,0, \cdots)\}=$
$c_{m}$ $\prod_{n>m}a_{n}=C\cdot\prod_{n\geq 1}a_{n}$ for some $m\geq 1,$ $c_{m}>0,$ $C>0$
(2) $\Phi^{-1}(1)=\{(1,1,1, \cdots)\}$ $L(1)-L_{-}(1)=v_{\infty}(\{1\})$
$= \pi_{\infty}(\{(1,1, \cdots)\})=\prod_{n\geq 1}b_{n}$ $\pi_{\infty}\{(*, \cdots*, 1,1,1, \cdots)\}=$
$C \cdot\prod_{n\geq 1}b_{n}$ for some $C>0$ (2) $\square$
Lemma 1 (1)
$0<a_{n}\leq 1-1/n$
$(\star\star)$ $L(O)=0$ , Le., $\prod_{n\geq 1}a_{n}=0$
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Lemma 2. finite sequence $\sigma=(\sigma(1), \cdots, \sigma(n))$
$\sigma-=(\sigma(1), \cdots, \sigma(n), 0,0,0\cdots)\prec\sigma+=(\sigma(1), \cdots, \sigma(n), 1,1,1\cdots)$
$x_{\sigma}=\Phi(\sigma_{-})=.\sigma(1)\cdots\sigma(n)$ $<$ $y_{\sigma}=\Phi(\sigma+)=.\sigma(1)\cdots\sigma(n)111\cdots$
$=x_{\sigma}+2^{-n}$ $($ where $x_{\sigma}\in Q_{2}\cup\{0\}, y_{\sigma}\in Q_{2}\cup\{1\})$
$L(y_{\sigma})-L(x_{\sigma})=\nu_{\infty}((x_{\sigma}, y_{\sigma}])=P(\sigma)$
Proof. Lexicographic order $\preceq$
$\langle\sigma\rangle=[\sigma-, \sigma_{+}]$ in $\Omega$
$(\star\star)$ singleton $\sigma-$ $\pi_{\infty}$-measure $0$
$\pi_{\infty}((\sigma-, \sigma+])=\pi_{\infty}(\langle\sigma\rangle)$
$\Phi((\sigma-, \sigma+])=(x_{\sigma}, y_{\sigma}], \Phi^{-1}((x_{\sigma}, y_{\sigma}])=(\sigma-, \sigma_{+}]\cup\{\sigma_{*}\}$
$\sigma$ $(x(1), \cdots x(m-1), 1,0,0,0\cdots)$ for $m\leq n$
$(\star\star)$ $\pi_{\infty}$-measure $0$
$\nu_{\infty}((x_{\sigma}, y_{\sigma}])=\pi_{\infty}((\sigma-, \sigma_{+}]\cup\{\sigma_{*}\})=\pi_{\infty}((\sigma-, \sigma_{+}])=\pi_{\infty}(\langle\sigma\rangle)=P(\sigma)$
$L(y_{\sigma})-L(x_{\sigma})$ Lemma 2 $\square$
Formula 1.
(1) $L(.x(1)\cdots x(n)+2^{-n})-L(.x(1)\cdots x(n))=P(x(1), \cdots, x(n))$
$x(n)=0$
$L(.x(1)\cdots x(n-1)1)-L(.x(1)\cdots x(n-1))=P(x(1), \cdots x(n-1), 0)$







$|L(y)-L(x)|\leq P(x(1), \cdots x(n-1))$
$k=0$ $x(1)\cdots x(k)$ empty sequence,
. $x(1)\cdots x(k)=0$
Proof. (1) Lemma 2
(2) $x_{\sigma}=x$ $=.x(1)\cdots x(m-1)10^{n-m}000\cdots,$
$x_{\sigma}+2^{-n}=.x(1)\cdots x(m-1)10^{n-m}111\cdots$




where $\sigma=(x(1), \cdots, x(m-1), 0,1^{n-m})$ $L(x)-L(x-2^{-n})$
(3) $\sigma=(x(1)\cdots x(n-1))$ $x_{\sigma}=.x(1)\cdots x(n-1)000\cdots<y_{\sigma}=$
. $x(1)\cdots x(n-1)111\cdots$ $x_{\sigma}\leq x,$ $y\leq y_{\sigma}$
$L$ increasing $|L(y)-L(x)|\leq L(y_{\sigma})-L(x_{\sigma})=P(\sigma)$
Formula $X\in Q_{2}$ $L(x)$
Formula 2. $x\in Q_{2}$ x(n) $=1$ $n$
$L(x)= \sum_{x(n)=1}P(x(1), \cdots x(n-1), 0)=\sum_{x(n)=1}P(x(1), \cdots x(n-1))a_{n}$
Proof. $x\in Q_{2}^{(m)}(m\geq 1)$ $m$ induction
$m=1$ $L(. 1)=P(O)=a_{1}$
Formula 1 (1) $n=1,$ $x(1)=0$ case
$x=.x(1)\cdots x(m-1)1\in Q_{2}^{(m)}$ Formula 1 (1) $L(x)=$
$L(.x(1)\cdots x(m-1))+P(\sigma(1), \cdots\sigma(m-1), 0)$ $x(1)\cdots x(m-1)\in Q_{2}^{(\iota)}$
for some $l<m$ induction $L(.x(1)\cdots x(m-1))=$
$\sum_{x(n)=1},{}_{n\leq l}P(x(1), \cdots x(n-1), 0)$ Formula 2





$L(3/8)=L(.011)=$ $0$ $+P(O)a_{2}+P(O, 1)a_{3}=a_{1}a_{2}+a_{1}b_{2}a_{3}$
$L(5/8)=L(. 101)=P(\emptyset)a_{1}+0$ $+$ $P(1,0)a3=a_{1}+b_{1}a_{2}a_{3}$
$L(7/8)=L(. 111)=P(\emptyset)a_{1}+P(1)a_{2}+P(1,1)a_{3}=a_{1}+b_{1}a_{2}+b_{1}b_{2}a_{3}$
$x(n)=1$ $n$ $(Q_{2}$
) formula formula $x\in(0,1]$
binary expansion $x=.x(1)x(2)\cdots x(n)$ $\cdots$ $x(n)=1$
$n$ $n$ $x^{(n)}=$
. $x(1)x(2)\cdots x(n)$
$x^{(1)}\leq x^{(2)}\leq\cdots\leq x^{(n)}\leq\cdotsarrow x$
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$L$ increasing $L_{-}(x)= \lim_{narrow\infty}L(x^{(n)})$
$L(x^{(1)})\leq L(x^{(2)})\leq\cdots\leq L(x^{(n)})\leq\cdotsarrow L_{-}(x)$
$x^{(n)}=.x(1)x(2)\cdots x(n)\in Q_{2}$ $x(k)=1$ $k$
$L(x^{(n)})$ Formula 2
$L(x^{(n)})= \sum_{x(k)=1,k\leq n}P(x(1), \cdots x(k-1), 0)$
$L_{-}(x)= \lim_{narrow\infty}L(x^{(n)})=\sum_{x(k)=1}P(x(1), \cdots x(k-1), 0)$
$L$ $x$ continuous $L_{-}(x)=L(x)$
Formula 2 Formula 2
Formula 3. $L(x)$ $x$ continuous
binary expansion $x=.x(1)x(2)\cdots x(n)\cdots\in[0,1]$
$L(x)= \sum_{x(n)=1}P(x(1), \cdots x(n-1), 0))=\sum_{x(n)=1}P(x(1), \cdots x(n-1),\hat{x}(n))$
$= \sum_{n\geq 1}x(n)P(x(1), \cdots x(n-1),\hat{x}(n))$
where $P(x(1), \cdots x(n-1), 0)=P(x(1), \cdots x(n-1))a_{n}$
$1=.$ $111\cdots$
$L_{-}(1)= \sum_{n\geq 1}P(1^{n-1},0)=\sum_{n\geq 1}b_{1}\cdots b_{n-1}a_{n}$
$= \sum_{n\geq 1}b_{1}\cdots b_{n-1}(1-b_{n})=1-\prod_{n\geq 1}b_{n}$
$L$ $\prod_{n\geq 1}b_{n}=0$
$L(1)=L_{-}(1)=1$
Formula 3 $L=L_{a}$ ($0<a<1$ is constant) Lomnicki
and Ulam [9] (cf.[8])
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6. FRACTAL STRUCTURE OF $L$
$L(x)$ $L(x;(a_{n})_{n\geq 1})$




$x=.x(1)x(2)\cdots x(n)$ $\cdots$ $n$
$T^{n}x=.x(n+1)x(n+2) \cdots$
Formula 3 $L(x)$ $n+1$
$\sum_{k>n}x(k)P(x(1), \cdots x(n-1), x(n), x(n+1)\cdots\hat{x}(k))$
$=P(x(1), \cdots x(n-1), x(n))L^{(n)}(T^{n}x)$
:
Formula 4. $L(x)$ $x$ continuous $x=.x(1)x(2)\cdots x(n)$ .
$n\geq 1$
$L(x)=L(x^{(n)})+P(x(1), \cdots, x(n))L^{(n)}(T^{n}x)$
where $x^{(n)}=.x(1)x(2)\cdots x(n)$ , $T^{n}x=.x(n+1)x(n+2)$ . . .
$L()$ fractal
$L, L^{(1)}, L^{(2)}, \cdots L^{(n)}\cdots$
$a_{n}=a$ ($0<a<1$ is constant) $L^{(n)}$ $L=L_{a}$
Formula 4
$L_{a}(x)=L_{a}(x^{(n)})+P(x(1), \cdots, x(n))L_{a}(T^{n}x)$
where $b=1-a,$ $P(x(1), \cdots x(k))=a^{O_{k}(x)}b^{I_{k}(x)}$
$L_{a}()$ self-similar
7. FLATNESS OF $L$




Proof. $x(m)=0$ Formula 1 (3) $|L(x+2^{-m})-L(x)|\leq$
$P(x(1), \cdots x(m-1))$ $P(x(1), \cdots x(m-1))\leq\prod_{x(n)=0,n<m}a_{n}$
Lemma
Digit $0$ “lower density”
$\underline{d_{0}}(x)=\lim_{narrow}\inf_{\infty}\# 0(x;n))/n$
$d_{0}(x)$ $x$ binary expansion 1
$x\in Q_{2}$ 2 expansion
$x$ expansion. $x(1)x(2)\cdots x(n)$ $\cdots$ $x(n)=0$ $n$
$n$ count function
$g$ : $\mathbb{N}arrow \mathbb{N}$




[ $k\geq 1$ $k/g(k)>c>0$ $g(k)<k/c$
$c>0$
$\lim_{narrow\infty}a_{n}=0$ $( \star\star)\prod_{n\geq 1}a_{n}=0$






Proof. $x(n)=0$ $n$ counting function $g$
$0<\cdots<2^{-g(k+1)}<2^{-g(k)}<\cdots<2^{-g(1)}\leq 1/2$
$2^{-g(k+1)}\leq h<2^{-g(k)}$ $L$ increasing
Lemma 3 ( ) $a_{g(n)}=d_{n}$
$L(x+h)-L(x)\leq L(x+2^{-g(k)})-L(x)\leq d_{1}d_{2}\cdots d_{k-1}$
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$s\geq 1$ $\underline{d_{0}}(x)>0$






$a_{n}arrow 0(narrow\infty)$ $d_{n}arrow 0(narrow\infty)$ ,
$Cd_{n}arrow 0(narrow\infty)$
$karrow\infty$ , ie., $harrow+O$
$(L(x+h)-L(x))h^{-s}arrow 0$
do $(x)=\alpha$ $x\in[0,1)$ $N(\alpha)$
do $(x)>0$ $x\in[0,1)$ $N(\alpha)(0<\alpha\leq 1)$
“ ” $N(1/2)$ binary
normal numbers Lebesgue measure 1 Theorem 2
$x\in[0,1)$ Lebesgue measure
$N(\alpha)$ Hausdorff dimension
(cf. [2] [4]) Theorem 2 $\underline{d_{0}}(x)>0$ $x\in[0,1)$
$L$ flat $L$
Theorem 1 $(\star)$
( Remark ) $x0\in[0,1),$ $d_{0}(x_{0})>0,$ $y0=L(xo)$
$(x_{0}, y_{0})$ $L$ $r$ $S_{r}$
$(x0+h, y)$ where $x_{0}+h<1,0<h<r,$ $y_{0}<y<y_{0}+r$
$y-y_{0}=r-(r^{2}-h^{2})^{1/2}>h^{2}/2r$ , i.e., $(y-y_{0})h^{-2}>1/2r$
$r$ $S_{r}$ Theorem 2
$s=2$ $(x_{0}, y_{0})$
$L$






Remark 2. Theorem 1 $(\star)$ Jordan curve $l$
$L$
Theorem 2 $L$ $L$ $Q_{2}\cup\{1\}$ countable
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$\underline{d_{0}}(x_{0})>0$ (Lebesgue
measure 1) $L$ gaps
Jordan arc $l$
Graph $(L)\subset l$ $l$ Section 9
$G_{\infty}$
Remark 3. $L_{a}$ $a$ $x$
Theorem 2 $L(x)=L(x;(a_{n})_{n\geq 1})$
$L$ $\sum_{n\geq 1}a_{n}=\infty$
$0<a_{1},$ $a_{2},$ $\cdots,$ $a_{m}<1$ Theorem 2
$L(x)$
$0<a_{1},$ $a_{2}<1$ $L(1/2),$ $L(1/4)$
$(1/2, a_{1}),$ $(1/4, a_{1}a_{2})$
$L$
$\int_{0}^{1}L(x;(a_{n})_{n\geq 1})dx=\sum_{n\geq 1}a_{n}2^{-n}>a_{1}/2+a_{2}/4$
8. PROPERTIES OF $L(x)$
Theorem 1, Theorem 2
$L(x)$
Theorem 2 $harrow+0$
$Q_{2}$ $x\in Q_{2}$ 2
expansion 1 $\underline{d_{0}}(x)>0$ Theorem 2
$L_{+}’(x)=0$
flat
Theorem 3. (1 ) $\lim\sup_{narrow\infty}a_{n}<1/2$ $x\in Q_{2}$
$L_{-}’(x)= \lim_{harrow+0}(L(x)-L(x-h))h^{-1}=+\infty$
(2) $\lim_{narrow\infty}a_{n}=0$ $x\in Q_{2}$ ,
$s=1,2,3\cdots$
$\lim_{harrow+0}(L(x)-L(x-h))h^{-1/s}=+\infty$
Proof. $x=.x(1)\cdots x(m-1)1\in Q_{2}^{(m)}$ $s\geq 1$























extremely flat, extremely flat,
extremely steep, extremely steep
subset $A\subseteq[O, 1]$
open interval $(a, b)$ where $0\leq a<b\leq 1$
$(a, b)\cap A$ acopy of Cantor set $C$
$A$ Cantor-dense in $[0,1]$
$\overline{d_{0}}(x)=\lim\sup_{narrow\infty}O_{n}(x)/n$ Digit $0$ upper density”





(1) $L(x)$ $0$ $+\infty$
$L_{-}’(x),$ $L_{+}’(x)$ $0$ $+\infty$
(2) $Q_{2}$ $L$ extremely flat extremely steep
(3) $d_{0}(x)>0$ expansion $x\in[O, 1)$ $L$
extremely flat $0<d_{0}(x)\leq\overline{d_{0}}(x)<1$ expansion
$x\in(0,1)$ $L$ extremely flat
$\bigcup_{0<\alpha<1}N(\alpha)$ point $x$ points Lebesgue
measure 1 $\circ$
(4) $L_{-}’(x)=L_{+}’(x)=+\infty$ points $x$ (3)
Lebesgue measure $0$ Cantor-dense in [0,1]
(1) $L_{a}(x)$ $L_{a}(x)$
( ) (2) (3) (3)
Theorem 2 ( ) (4)




Fact $L$ $L^{-1}$ singular Lebesgue measure
1 $A$ $L^{-1}$ $0$
Lebesgue measure 1 Cantor-dense $A$ Cantor-
dense $L^{-1}(A)$ Cantor-dense set homeomorphic image
Cantor-dense $L^{-1}(A)$ $L$ $+\infty$
Lebesgue measure Topological
Topological “ ”
1-st category, 2-nd category
$\sum_{n\geq 1}a_{n}=\infty,$ $\lim_{narrow\infty}a_{n}=0$ :
Theorem 4. $L_{-}’(x),$ $L_{+}’(x)$ $(0 or +\infty)$ points $x$
l-st category set in $[0,1]$
Proof. $L_{+}’(x)=0,$ $L_{-}’(x)=0,$ $L_{+}’(x)=+\infty,$ $L_{-}’(x)=+\infty$
point $x$ $A_{0}^{+},$ $A_{0}^{-},$ $A_{\infty}^{+},$ $A_{\infty}^{-}$
$A_{0}^{+}$ $A_{\infty}^{+}$ 1-st category set in $[0,1]$ $(A_{0}^{-}\cup A_{\infty}^{-}$
) $L_{+}’(x)=0$
$\forall n\geq 1\exists m\geq 10<\forall h<1/m (L(x+h)-L(x))/h\leq 1/n$
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$L_{+}’(x)=+\infty$ $\leq 1/n$ $\geq n$
$E(m, n)=\{x\in[0,1] : 0<\forall h<1/m (L(x+h)-L(x))/h\leq 1/n\},$
$F(m, n)=\{x\in[0,1] : 0<\forall h<1/m (L(x+h)-L(x))/h\geq n\}$
$A_{0}^{+}= \bigcap_{n}\bigcup_{m}E(m, n)\subseteq\bigcup_{m}E(m, 1)$ , $A_{\infty}^{+}= \bigcap_{n}\bigcup_{m}F(m, n)\subseteq\bigcup_{m}F(m, 1)$
$E(m, 1),$ $F(m, 1)$ nowhere dense, closed in [0,1]
$L$ continuous
$h>0$ $(L(x+h)-L(x))/h$ continuous function
$E(m, 1),$ $F(m, 1)$ closed sets
$E(m, 1)\cap A_{\infty}^{+}=\emptyset=F(m, 1)\cap A_{0}^{+}$
$A_{\infty}^{+},$ $A_{0}^{+}$ Cantor-dense
dense $E(m, 1),$ $F(m, 1)$ dense sets $A_{\infty}^{+},$ $A_{0}^{+}$
closed sets nowhere dense $\circ$
9. GEOMETRIC CONSTRUCTION OF $L(x)$
$L(x)$ ( Theorem 2)
$L(x)$
(topologist?) $L(x)$
$0<a_{n}<1,$ $b_{n}=1-a_{n}(n\geq 1)$ maps $\phi_{n}^{0},$ $\phi_{n}^{1}$ : $[0,1]^{2}arrow[0,1]^{2}$
$\phi_{n}^{0}(x, y)=(x/2, a_{n}y) , \phi_{n}^{1}(x, y)=(1/2+x/2, a_{n}+b_{n}y)$
linear contractions $\phi_{n}^{0},$ $\phi_{n}^{1}$
$[0,1]^{2}$
$a_{n}$ $[0,1/2]\cross[0, a_{n}]$ , $b_{n}$
[1/2, 1] $\cross[a_{n}, 1]$ 2 1
$\phi_{n}^{0}(1,1)=(1/2, a_{n})=\phi_{n}^{1}(0,0)$
Finite seq. $\sigma$ : $\{1,2, \cdots, n\}arrow\{O, 1\}$
$\phi^{\sigma}=\phi_{1}^{\sigma(1)}\circ\phi_{2}^{\sigma(2)}\circ\cdots 0\phi_{n}^{\sigma(n)}:[0,1]^{2}arrow[0,1]^{2}$
$\phi^{\sigma}([0,1]^{2})$ $2^{-n}$ , $P(\sigma)$
$G_{n}= \bigcup_{|\sigma|=n}\phi^{\sigma}([0,1]^{2}) , G_{\infty}=\bigcap_{n\geq1}G_{n}$
$G_{n}(n\geq 1)$ compact connected sets decreasing sequence
$G_{\infty}$ compact connected $G_{n}$
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$|\sigma|arrow\infty$ $\phi^{\sigma}([0,1]^{2})$ $2^{-n}arrow 0$
$G_{\infty}$ Jordan arc $G$
points $(x, L(x))$ for $x\in Q_{2}$ $L(x)$ ( continuous
) right-continuous $L(x)$ $G_{\infty}$
$a_{n}=1/(n+1)(n\geq 1)$ $G_{6}$ Figure 3





$L$ continuous $G_{\infty}$ 1
$L$ $y\in[0,1]$ $(x, y)\in G_{\infty}$
$x\in[0,1]$ 1
FIG. 3. an approach to $L(x)$
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